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Centrifugally driven circulations in a rapidly rotating cylinder of fluid heated
differentially in the vertical are considered. Boundary-layer solutions obtained
previously are extended to include large diameter/height aspect ratios and a
centrifugal acceleration of the same magnitude as that of gravity. The ratio of
convective to conductive heat transfer is small in the region of parameter space
considered. The effect of the circulations on the asymptotic stability of a fluid
heat from below and subjected to Coriolis force is then considered. Away from the
side wall of the cylinder the basic state circulation increases the critical Rayleigh
number at which gravitational instabilities occur; however, a destabilization
near the side wall is possible.

1. Introduction

When a rotating fluid is heated uniformly from below, solid body rotation
cannot occur regardless of how small the imposed vertical temperature difference
may be; motion relative to solid body rotation is produced by the coupling of the
vertical density gradient and the centrifugal acoeleration. Centrifugally produced
convection must occur in order to balance the body forces in the radial direction.
Such flows in a right circular cylinder rotating rapidly about its vertical axis
have been analyzed by Barcilon & Pedlosky (19675) and by Homsy & Hudson
(1969) (hereafter referred to as I). Boundary-layer solutions have been obtained
for limited regions of parameter space. In this paper we extend the treatment of 1.
We also investigate the effect of the centrifugally produced convection on the on-
set of gravitational instabilities in a cylinder by performing a linear stability
analysis in which the basic state is that determined in the first part of this paper.

The dimensionless temperature and velocity fields of the basic state, and
therefore the Nusselt number for the heat transferred between the horizontal
surfaces, depend on five parameters: ¢ = v/« (Prandtl number); ¢ = v/2wh?
(Ekman number); y = a/k (aspect ratio); A = g/w?a (acceleration ratio, or
inverse Froude number); § = aAT/8 (thermal Rossby number). The notation
corresponds to that used in I. % and a are the cylinder half-height and radius,
respectively, aAT' the product of the coefficient of thermal expansion and the
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imposed vertical temperature difference, » the cylinder angular velocity, and v,
k, and g have their usual meanings.
Barcilon & Pedlosky have treated the region 8,6 € 1,

A>1v=0(1),0Q1) < yAcpflet <o,

i.e. the first-order effects of a small but non-zero ratio of centrifugal to gravita-
tional accelerations. The most interesting features in this parameter range
include vertical symmetries (which disappear if higher-order effects are con-
sidered), the disappearance of the Ekman suction effect for large yAofe%, and
the similarities between the boundary-layer structure and the dynamics in this
inherently non-linear problem and that obtained in the unified theory of stratified
rotating flows (Barcilon & Pedlosky 1967a). In addition, the ‘similarity’ solution
was shown to be physically inadmissible in this region of parameter space.

InI, we have treated the region 8,6, 4 € 1,1 <y < O(e7 %), A = ofe~t < O(1),
where we were restricted to ¥ = O(1) in the case of insulated side walls. The
parameter A is the ratio of thermal convection to conduction in the interior
region of the cylinder. The results obtained were more extensive than those of
Barcilon & Pedlosky since the interior energy equation becomes linear for
Ay < 1. In §2 of this paper, we present further results for region g, ¢ <€ 1,
A< Ay, y> 1, Ay < 0(1), i.e. for large aspect ratios but small A, so that the
last condition holds. The similarity solution is found to be valid over large
interior regions of the fluid, but in general cannot be used alone to calculate a
Nusselt number. It may be noted that the parameterregiony » 1, 4 = 0(1), is of
most relevance to experimental studies; for most moderate Prandtl number fluids,
Ay < 1. Thus the analysis in §2 relaxes the previous conditions on 4.

We have treated the asymptotic stability of & bounded rotating cylinder of
fluid heated from below in a previous paper (Homsy & Hudson 1971, hereafter
referred to as II); it was assumed that the stratification was linear, i.e. the basic
state was one of solid body rotation with heat being transferred only by conduc-
tion. This assumption has been made by all previous investigators (see, for
example, Chandrasekhar 1961 and Niiler & Bisshopp 1965) and is suitable if the
Froude number is sufficiently small. In II, a boundary-layer formulation of the
stability problem was presented. It was shown that for small Ekman numbers,
cylinders of aspect ratio 7 > 1 may be considered infinite in extent. The
asymptotic results were extended to include higher-order terms. Furthermore, the
instability was shown to be due to energy conversions in the interior regions of the
fluid, with dissipation in the Ekman layers producing second-order effects. It is
the assumption of a conductive basic state (solid body rotation) which we wish to
relax here. We consider gravitational instabilities in a rotating fluid by linearizing
the equations around the convective basic state which is obtained in the first part
of this paper. Many of the features of the analysis in IT carry over to the present
case. In our treatment of the stability of the convective basic state, we will limit
ourselves to the first-order asymptotic problem, and consider instabilities due to
the buoyancy mechanism alone. In order to relate this study to previous stability
analyses, we use the dimensionless parameters which were used in II. These are
related to the parameters introduced above: 7, = a/d = Ly (aspect ratio);
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B = v|20d® = je (Ekman number); R = gaATd3jvk = 168A4yojet (Rayleigh
number); 08 = vgaAT/4kw?d = RE? (stratification parameter).

In §3 the stability equations are developed for the asymptotic case, £ —> 0. The
main effect of the centrifugally driven basic state on the stability problem appears
as a distortion of the vertical temperature gradient. The stability of the similarity
profile is determined in §4, and the regions near the cylinder side walls are
treated more approximately in §5. The results are discussed in relation to recent,
experimental results in §6.

2. The basic state for large aspect ratio

When the Ekman number is small (large Taylor number) boundary layers
form on all the surfaces of the cylinder. A thermal wind arising from a balance of
Coriolis and centrifugal forces occurs in the inviscid core. Horizontal Ekman
layers control the inviscid axial flow for the region of parameter space considered
in L

For stable stratification the fluid flows radially inward in the upper Ekman
layer, downward in the inviscid core, outward in the lower Ekman layer. It is
channelled upward in the side boundary layer and there is also a closed cir-
culation in the inner Stewartson layer. Heat is thus transferred from the warm
upper surface to the cool lower surface by both convection and conduction. The
ratio of convection to conduction in the inviscid core is given by the parameter
A = ofifed.

The dimensionless temperature in I is defined using a scale AT = (T, —T,,)
where 7, and T, are the temperatures of the top and bottom surfaces of the
cylinder, respectively. The parameter £ defined above is then a(7, —T})/8. We
were concerned in I with stable stratification so that AT = T, — T}, > 0. However,
the solutions in I also hold for unstable stratification with all parameters and
dimensionless variables which have a factor AT becoming negative. For ease of
presentation and in order to keep the basic state analysis on a common basis
with that in I, we consider a stable stratification in §2. For the stability study
in §3, 4 and 5, we use a scale |AT| and add minus signs to the basic state solution
where necessary. Thus the stability analysis is on a common basis with II.

The largest component of the temperature satisfies a non-linear energy equation
and this temperature must satisfy the imposed boundary conditions at the
horizontal surfaces. The boundary conditions at the side wall are obtained by a
detailed treatment of the side-wall boundary layers. The largest component, 6, of
the interior dimensionless temperature satisfies the following boundary-value
equation which was derived in I:

190 30 o6
- ;I - = V2 2,
A (2 2‘3yf (r ar’ or ) ) oz = V9, (2.1)
0d=1+1, z=11, (2.2)
=2 r=1 (conducting walls), (2.3)
9 _ _Ay% r =1 (insulated walls, 4 > e), (2.40a)

o 2%
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o0 Ay [e0 d (20 (0 4, ] . 1
e = =L — _— = 1 8),
o 51 [(’)z + 2y 7 {3z .L F2(p, 2) dp} , =1 (insulated walls, 4 < es)
(2.4b)
2 110 0
2 _ iy
Here V; = 822+72r 5 5 (2.5)

and 1 is the lowest-order closed circultion within the Stewartson e? layer. v, the
dimensional interior tangential velocity with respect to a rotating co-ordinate
system, is given by

v = taATwr'd, (2.6)

where 7’ is the dimensional radial co-ordinate. The interior axial velocity is
independent of axial position, and is smaller than v’ by a factor of O(et). The
interior radial velocity is zero to O(e) since the flow is axisymmetric. The first
correction to §is O(e¥) for both insulating and conducting side walls (Homsy 1969).

For a radially unbounded system without side walls, a similarity solution can
be obtained in which the temperature is independent of radial position. Heat
transferred to the fluid from the hot upper surface is less than that transferred out
at the cold lower surface. A net amount of heat enters the system from an infinite
radial position in order to satisfy an overall energy balance. If in a radially
bounded system the side walls are perfectly conducting, there is again less heat
transferred in through the cylinder top than transferred out through the bottom
and the overall energy balance is satisfied by the transfer of heat through the
cylinder side wall. The overall Nusselt numbers governing heat transfer through
the cylinder top and bottom approach those obtained from the similarity solution
as the cylinder aspect ratio y becomes large. When the side walls are insulated, the
Nusselt numbers for the cylinder top and bottom cannot approach the similarity
values as y becomes large since the overall energy balance would not be satisfied.
The behaviour for large y was not determined in I since the semi-numerical
solutions for an insulated side wall were restricted to y = O(1). It is of interest to
determine if the similarity solution holds over any region of the cylinder as the
aspect ratio is increased. It will be seen below that the similarity solution does hold
away from the side wall (in the parameter region under consideration) for a
cylinder of large aspect ratio regardless of the side-wall boundary condition.

For large v, (2.1), (2.2) admit a similarity solution valid to within O(y—1) of the
side walls. In the region 1 —r = O(y~!), radial diffusion must also be important in
order to allow the boundary conditions at » = I to be satisfied. On this hypothesis,
in these regions,

10 o 0%
o e~ e 00

which suggests the stretching of the radial co-ordinate as

7= (1-7)y. (2.7)

Thus we seek the solutions of the form

O(r,z) = 0*%(z) +0(n, z). (2.8)
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Here 6*(z) denotes the similarity solution, discussed shortly, and 8(y, z) denotes a
correction (not necessarily small) to 6* in a layer near the sides. Thus we must
have lim § = 0. The thickness of this layer is O(y~1), and is therefore thicker

f—r 0
than any of the viscous layers near these same walls. (In this scaling the outer
Stewartson layer has a dimensionless thickness of O(el/y).)

Most of the analysis will be for the linear boundary conditions, (either (2.3)
or (2.4a));indeed there is good reason to believe that (2.4 a) is the proper boundary
condition for 4 = O(1), A € 1, Ay < O(1) (see Barcilon & Pedlosky 1967b, p. 683).
Assuming (2.4a) valid for A = O(1), the restriction of the solutions developed
below becomes A <€ (Ay)~1, which for most experimental situations represents a
milder restriction than 4 < 1.

The similarity solution

With the assumed form (2.8) the problem for 6* is quite simple, viz.
— 200 DO* = D%, (2.9a)
*=11, z2=+1, (2.90)
where D = d/dz. We choose the similarity solution to satisfy the isothermality
conditions at the top and bottom surfaces. It is, of course, incapable of satisfying
either (2.3) or (2.4). Note that in posing (2.9) we have placed norestriction on 4/y.
The similarity solution has the closed form representation,

__cosh (281) —exp (— 28Az)

o* sinh (2EX)

(2.10)

In addition, we shall later require a representation in terms of the expansion
functions y,(z), (see I, §6),

0% =2+280 Y a, B85 2x.(2). (2.11)
n=1
The notation corresponds to that in I,

Xn(2) = exp (— Az/2})sin Ina(z + 1),
B = 32%+ (3nm)?,

) (2.12)
a, = j exp (28A2) x,,(2)dz.
-1
Lastly, we note the expansion of * in terms of A,
0% = 2+ 273A(1 —22) + A% (22— 1) +.... (2.13)

If there were no conveection, i.e. A = 0, the temperature profile would be linear
between the top and bottom of the cylinder. It can be seen from (2.13) (stable
stratification) that the effect of convection is to sweep the isotherms down toward
the cooler bottom surface. From (2.10), (2.11) or (2.13) it can be shown that as A
increases the temperature gradient decreases at the upper surface and increases at
the lower surface. For an unstable stratification the flow in the inviscid core would
be up and the isotherms would be squeezed toward the upper surface. This
39 FLM 48
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squeezing of the isotherms has an effect on the critical Rayleigh number for a
layer heated from below, as will be seen later in this paper.
The Nusselt number for this profile is

2 exp (T 282)

Nu(t1) = —5hamy

(2.14)

which was found in I to correspond to the solution of the full problem for a
conducting side wall as y — 0.

The correction fields
The correction fields are seen to satisfy
@2 > a6 il
- 4 = 9287 = il
(6772+622) 0= 21— +0(A/17 9772), (2.15)
=0, z=+1, (2.16a)
8+60%=2 r=1 =0 (conducting), (2.160)
*
Q@ M%ﬂ?+w) r=1, 9=0 (insulated), (2.16¢)
o dz
8—-0. y9—o0. (2.16d)

We neglect the last term in (2.15) and discuss below the limitation which this
imposes. A solution is written in terms of the y, (z), viz.

0= 3 puex,(2).
n=1

This representation satisfies (2.15), (2.16a,d), and the constants ¢, are deter-
mined by either (2.16b) or (2.16¢).
For conducting walls, (2.16b) and (2.11) yield

and a uniformly valid representation for 8 becomes
O(r,z) =2+ 2 3 a, B, 21 —er—DV6n)y, . (2.18)
n=1
This is seen to be the asymptotic form of the exact solution for 4/y < 1 (Homsy

1969).

o 2 pee|y_ dlBuyr)
O(r,z) = z+2 )\n§1 O fn® [1_ L(B.y) ] Ao

For insulated walls, the discussion becomes more involved. In this case the ¢,
are solutions to the infinite set of linear algebraic equations,

g, — =N (a + 3 (¢m+2—?%)d(m,n)), (2.19)

m=1

1
d(m,n) = f exp (28Az) ¥y X, dz.
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Equation (2.19) is derived from (2.16c), (2.11), and the orthogonal properties of
the y,(2). The set (2.19) is seen to be the asymptotic form of the set obtained in I,
equation (7.5) for large y. Any attempt to solve this set will encounter the same
numerical difficulties in evaluation of Nusselt numbers as we encountered in I.
It is possible, however, to generate an analytic solution through OG(A%) by per-
turbing either the original set (2.15)-(2.164,¢) or the linear system (2.19). The
attack is straightforward, and the calculation yields,

0 = Ay0,+ (Ay)20,+ A2y0, + O(y3A3), (2.20)

where f, =—2% )EO 0y temunisin w, (2 + 1), (2.21)
a’):= +(2n+ 1),

b, = 16 g % e Mmisinnm(z+ 1) (2.29)

7 2 g @t 1) (@t 1 (2F)
b= 3 [mm—u%éo (2m+ 1)—2[(2m+1)2—(2n)2]—1]

xe mmiginnm(z+ 1)+ Y wpemizsinw,(z+1). (2.23)
m=0
We note that 8, is an even function of z, while §,, #, are odd. Furthermore, the
neglect of the last term in (2.15), necessary for the validity of these solutions, is
justified if 4 < (Ay)~L; this is often less restrictive than 4 < 1. Lastly, we note
that 6§, is the asymptotic form of the solution obtained in I, equation (3.11).

Nusselt number calculation
Analytical results for the Nusselt number may be found. In the present notation,

Nu(£1) =De*(i1)+2y—1r§f

- dy. (2.24)

z==%1

We note that for conducting walls, § is an O(1) function uniformly in y as
v—00. Thus for this case,
Nu(+£1) = DO*(+1),

with an error of O(y~1). This is in agreement with our previous findings in I.
For insulated walls, through O(A2),

dy

+1

© 2, © 90
Az(2 =2 d +2f 2
* (7f0 02 |4 7 o 02

The O(A) terms vanish for reasons discussed in I (§3); carrying out the indicated
calculations yields

Nu(_-l;l)z-1-|"-2%/\+2/\j %,
0 0z

dny +%) . (2.25)
+1 3

Nu(+1) = 140542812y — ZA%, (2.26)
Writing as in I, Nu = 1+ 8(y)A?, we obtain the asymptotic form of S(y), viz.

S(y) = 0-5428y — 2. (2.27)
39-2
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Values of S(y) are given in table 1, where we have compared them with the
numerical results obtained in I. The agreement is good even at low ¥, and indi-
cates that the aspect ratio need only be slightly greater than 3 in order for the
asymptotic theory to be applicable through O(A)2.

A similar analysis may be carried out for the more complicated boundary
condition (2.45b). The result of this computation may be found in Homsy (1969),

8(y) = 0578y —%.

The similarity between this and (2.27) substantiates the conclusion reached in I
that gravity has only a slight local effect on the flow, confined to regions near the
side walls. (Note that A = 0for zero gravity, and small A affects only the function
8, through 0O(A2).)

Numerical values Asymptotic

v from I results (2-27)
1-0 0-193 —0-124
2-0 0-627 0-419
30 1-13 0-962
50 2-17 2-047
10-0 4-82 4-761
15-0 7-47 7-475

TaBLE 1. The function S(y)

Thus the similarity solution is valid over most of the cylinder for either an
insulated or conducting side wall when the aspect ratio is large; the similarity
solution can be used to calculate the Nusselt number when the side wall is
conducting, but not if it is insulated. Indeed, for insulated walls, the flux/area
through the horizontal surfaces near the sides is larger by O(y?) than that through
the majority of the surface. The area of this side region is smaller than the total
area by a factor of y—2, and thus the contribution of the region near the side wall
to the Nusselt number is O(y) relative to the contribution of the similarity
solution.

3. Linear stability equations

We treat now the stability of a rotating eylinder of fluid heated from below and
subjeot to centrifugal effects. As in II, the treatment will be asymptotic in the
sense that the Ekman number will be assumed very small. However, because
centrifugal effeots are included, the basic state is not conductive and stagnant.
We concentrate on strong centrifugal effects; what is meant by ‘strong’ will be
made clear below.

At this point care must be taken in stating the mechanism of instability under
discussion. The centrifugally driven basic state is susceptible to many types of
instability, viz. inertial, baroclinie, shear-flow and gravitational. Of these, we
restrict our attention to instabilities associated with the gravitational mechanism
discussed in IT. (It may be argued that this is the mechanism which dominates
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in the limit of vanishing Ekman number, but this argument has limited relevance
to actual experimental systems with very small but non-zero Ekman numbers.)
Thus we envision a situation in which the stratification is slowly increased until
small disturbances can extract the gravitational potential energy of the basic
convective state at a rate sufficient to overcome the dissipation so produoced. This
ignores the kinetic energy of the basic state, as well as any inertial effects. As we
have seen in II, this mechanism is associated with energy conversions in the
interior regions of the fluid, in which to the lowest order, the potential energy
release is balanced by interior horizontal dissipation. Thus we replace the entire
centrifugally driven basic state, i.e. the interior fields plus many boundary-layer
corrections, by its interior representation alone.

The solutions for the basic state which were obtained in §2 are also valid for a
fluid heated from below. However, they are not in the most convenient form
since AT is negative; all parameters and dimensionless variables which depend on
AT are also negative. Therefore, we redefine

¢ = |AT|6, Q' = Q}a|AT|wa, (3.1)

where 0’ and Q’ are the dimensional basic state temperature and velocity respec-
tively. (Note that the scaling differs from §2 by a factor of 2.) We also redefine the
parameters in terms of |AT'|, or

B =3%a|AT| and A= opfet.

Thus we modify the solutions in §2 for use in the stability calculation by applying
the transformations
0—>—-20, A->-—-A (3.2)

If we then write the temperature and velocity as the sum of this basic state and
small disturbances (q’, 7") and linearize in the usual manner, the linear stability
equations governing the disturbances at stationary onset (see 11, §1) become,

V.q' =0, (3.3)

Q'.Vq'+q'.VQ' + 20k x q') + ' w?aT'i
—gal'k = —p~1Vp' +vViq’, (3.4)
Q'.VTI'+q'. VO = V", (3.5)

The Boussinesq approximation extended to rapidly rotating fluids has been
invoked (see I, §2).

For the basic state, we use the scaling (3.1) while for disturbances we employ the
scaling found in IT to be relevant to the asymptotic problem, viz.

q’' = qga|AT| /2w,

p' = ppoga|AT|d,

T' = T|AT),
z=7z'ld,r =r'|d.

(3.6)
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Note that the independent variables do not correspond to those used in §2; some
care isrequired in writing the functionality of 8 and Q. The dimensionless formula-

tion becomes V.q=0, (3.7)
BrolQ.Va+q.VQ]+k x q+ (4ry)"Ti—Tk = —Vp + EViq, (3.8)
ofro(Q.VT)+08(q.V0) = EV:T, (3.9)

where o = v/k, f = a|AT|/8, A = g/w?a, and as in II,
ro=a/d =%y, E=v20d? o8 =rga|AT|/4kw*d = RE?,
R = ga|AT|d3/vk.
In simplifying these equations, we rely heavily upon the attack taken in II,
which we assume will again be adequate to describe the gravitational instabilities
of the present basic state. We first show that the inertial terms are negligible, thus

eliminating the possibility (for the range of £ considered here) of any inertial
instabilities associated with the interior basic flow. The form of Q is (see §2)

Q = (U, V, W) = (0, 2r0/r,, O(E})). (3.10)
Since the radial component of Q is zero, the bracketed inertial terms in (3.8)
contain no derivatives of q with respect to r. This is important since we anticipate
that the interior horizontal length scale of q will be O(E?), as in I1. Furthermore,
the largest of these bracketed terms are thoseinvolving V, and (from (3.10)) are at
most O(ry’l), so that the inertial terms are at most O(f). We anticipate that the
first non-geostrophic component of the remainder of (3.8) will again be O(E?)
from the horizontal part of £V2q. This non-geostrophic part is necessary to
generate a continuity equation to the lowest order. Thus in order to neglect inertia
to the lowest order, we must have 8 < E#, which is a restriction on the validity
of the basic flow itself, and poses no serious restriction under normal conditions,
owing to the smallness of «.

We now show that the term ofr,(Q.VT) is negligible compared to the other
terms in (3.9). Because U = 0, the largest term in Q.VT is V/r(8T'[0¢p) = O(T'[r,).
From II, we had the asymptotic relation R PE-%, where P is a constant; this
implies that 7' = O(E}) relative to the largest component of the perturbation
velocity q. This again will be the case if the first term in (3.9) may be neglected,
i.e. ofEY < E%, or of < E}. This condition is met for the basic state under con-
sideration, since the analysis in §2 was for A < O(1), i.e. o8 < O(E}) < O(E?}).

We will demonstrate below that the centrifugal term in (3.8) may be neglected
under certain conditions. Including the centrifugal term, the simplified stability

equations are V.q=0 (3.11a)
kxq+(Ar))"2wTi=—-Vp+ EViq+KkT, (3.115)
08(q.V0) = EV*T. (3.11¢)

The boundary conditions for the disturbance quantities are
% =v=w=0 (solid boundaries),
T=02z=0,1,
T=0, r=r, (conducting),
oTjor =0, r=r, (insulated).
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The attack is identical to that employed in IT, and will not be reproduced here.
A new radial co-ordinate 2 = 7/E?% is introduced and the disturbances q, 7', p are
written as interior fields plus Ekman correction fields. An expansion in E#
through O(E#) is necessary to generate a continuity equation to the lowest order.
and the resulting first-order interior problem becomes,

ow " LroT

Pl —Vip—(4ry) zog’ (3.12a)

v = 0plox, u=—x"19p|op, (3.12b,¢)

oploz = Viw+T, (3.12d)

20 20 2

P(u—$+w5;) = VIT, (3.126)

w=0, 2=01 (3.12f)

Here u, v, w, p, T are now the lowest-order interior fields, ¢ the azimuthal co-
ordinate, v e _3_2 - 2 i ﬁ
1T og? ox” ox’

and the eigenvalue P = RE# is to be determined.
The centrifugal term now appears in the continuity equation (3.12a) and is
small if
A > mE3¥|r,, (3.13)

where m is the azimuthal wave-number characterizing the disturbance periodicity
in the tangential direction. The centrifugal term is zero to the lowest order if
disturbances are assumed to be axisymmetric. However, since the disturbance
interior radial velocity, u, also drops in magnitude by a factor of O(E%), it is
necessary to consider higher-order terms to generate the equivalent axisymmetric
form of (3.12a). In this case it is more convenient to introduce a Stokes stream
function for # and w. The resulting condition for neglect of the centrifugal termin
(3.11B) is

A > Eb (3.14)

For axisymmetric disturbances, the inequality (3.14) is not unduly restrictive.
However, (3.13) for asymmetric disturbances may not be easily met. We showed
in IT that small azimuthal wave-numbers may be used to predict critical Rayleigh
numbers when centrifugal effects are neglected; however, the possibility of
growth of a disturbance characterized by large m could not be completely ruled
out. In this work we assume that the azimuthal wave-number is zero or at most
of order unity.

Combining the conditions (3.13) and (3.14) on A with those required for the
validity of the basic state yields

E?, axisymmetric, }

Ay)t>A> { (3.15)

mE}[r,, asymmetric.

These are the most restrictive conditions on A we have encountered, but are met
in cases of sufficiently low Ekman number for moderate Prandtl number fluids.
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We assume in this treatment that (3.15) holds, and will therefore neglect the
last term of (3.12a). Thus in this approximation, centrifugal effects are of para-
mount importanee in producing the convective basic state, but are relegated to
secondary importance in determining the asymptotic stability of the fluid to
gravitational instabilities. We see moreover, that the major effect of the centri-
fugal circulations on this mechanism of instability is a distortion of the basic state
temperature gradient, cf. (3.12¢). We now discuss solutions to the set (3.12) for
various profiles.

4. Stability of the similarity profile

We first determine the asymptotic stability of the main interior region of the
fluid, for which the basic state temperature is independent of radius and is given
by the similarity profile (2.10) suitably modified for unstable stratification. For
this profile, (3.12) can be combined to give a single equation for w, viz.

O*w do*

555+PE Viw+Viw = 0. (4.1)
We drop the conditions at the side walls and introduce as in II,
w = W(z)e™mJ (ax). (4.2)
The system for W(z) then becomes
D2W — Pa2DO*(z; )W —a8W = 0, (4.3a)
D = d/dz,
W=0 z=0,1. (4.35)

which is the equivalent normal modes formulation. P is the eigenvalue which is

to be determined as a function of the ‘stretched’ wave-number «, and A; the

latter appears parametrically in the basic state gradient. With due regard for the

extra factor of 2 in the scaling of 6%, and the change of axial co-ordinates, we

apply (3.1) for heating from below to determine DG* as

— 2t exp (231(22—- 1))
sinh (2%A)

The eigenvalue problem (4.3), (4.4) has no general solution, but it is possible to
generate approximate eigensolutions for small A by applying the standard
perturbation theory for the eigenvalues of self-adjoint systems (Courant &
Hilbert 1953, p. 344). The details are given in Homsy (1969). If the lowest eigen-
value is expanded P = P+ 20I\P,+ 2X2P, + ...,
together with D6*,

DO* = —1—28A(22— 1) — 2A2[1(22— 12— }] +...,
the results of the calculation are

Do*(z; A) = (4.4)

P, = (n*+a)fe?, (4.50)

P =0, (4.5b)
B (2 4a) (16)% = 42

e (=] (45¢)
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Requiring P to be minimized as a function of & yields the results, through 0(A2),

o = 1-3048(1 + 0-09746/\2),}

4.6
P = 8-6965(1 + 0-1295422). (£6)

These results predict an increase in P with increasing A, i.e. the fluid in the
interior region of the cylinder becomes more stable due to centrifugal effects.
Reasons for this stabilization are discussed below.

86 I 1 I ] ! 1
0 0-2 0-4 06 0-8 1-0 12

F1cure 1. P vs. A for the similarity profile. —, numerical results;
----- , perturbation theory, equation (4.6).

The eigenvalue problem (4.3), (4.4) was also solved numerically using a stan-
dard initial-value approach for linear eigenvalue problem (Fox 1962, p. 82).
Eigenvalues were determined numerically for various values of o using a fourth-
order Runge-Kutta integration scheme, and the minimum then determined. The
P(a) curve at fixed A is quite flat near the minimum, resulting in satisfactory
values of P, but less accurate values of « at which the minimum occurs. In
figure 1 we show the results of these calculations, together with the perturbation
result, (4.6). It is seen that the perturbation analysis is reasonably accurate even
for A = 1, the error there being less than 6 9%,.

The reason for the stabilization is as follows. The profile 8* reflects the effect
of a uniform convective velocity which is upwards in the case of heating from
below. The parameter A measures the strength of this convective effect relative to
conduction. As A increases, the lower portions of the fluid tend to become homo-
geneous, so that the temperature contrast is felt over an effectively shallower layer
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of fluid whose bottom surface is free. The asymptotic relation B = PE-* implies
that the critical temperature difference AT, ~ d-%, other quantities being held
constant. As A increases, the effective depth of stratified fluid decreases, thus
increasing the critical Rayleigh number. This trend is slightly offset by the
curvature of the gradient, which is usually a destabilizing effect, (see, for example,
Watson 1968). This curvature is the origin of the second (negative) term in (4.5¢),
which is not of sufficient magnitude to render P, negative. Thus we see that the
interior of the fluid is stabilized due to the unidirectional convective flow there.

5. Stability near the wall

The determination of the stability near the side wall is a more difficult task, and
in this initial treatment we will consider the problem only approximately.
Within O(y—?) of the wall (but still outside the viscous layers) the basic state
temperature is a function of both axial distance and the stretched radial co-
ordinate 7 (see §2). Stability analyses of profiles of this nature are non-existent
because a radial variation of temperature implies that the fluid is not initially in
mechanical equilibrium. We develop below an approximate approach which is
thought to adequately represent the main effects of a more rigorous treatment.
We will limit ourselves to axisymmetric disturbances, although asymmetric
disturbances may be handled in a similar manner.

For axisymmetric disturbances, the energy equation (3.12¢) becomes

*

Pw (%% +g) = ViT. (5.1)
From the results in II, the width of the convective cell is dimensionally O(dE?),
while the width of fluid over which & has radial variation is O(d). Thus the radial
variation over such a convective cell is small compared to the cell width, the ratio
being O(E*%). For such a slow variation, we can then assume that the fluid is locally
uniform in the radial direction. We define the ‘local’ critical Rayleigh number as
being the Rayleigh number at a given radial position calculated from the axial
temperature gradient at that position. We assume that the local Rayleigh
number may be calculated as for an infinite medium, although it is recognized
that the solid walls will exert some constraint. This concept is on a firmer mathe-
matical basis than might first be apparent, for if we eliminate p and T between
(3.12a,d) and (5.1) we obtain

*

%%f P(%—!—%g) Viw+ Viw+ O(E#), (5.2)
where the O(E3) terms are due to the radial variation of 8. Separable solutions to
(5.2) of the form (4.2) exist over regions large enough to include many cells and
thus allow us to drop conditions at the lateral wall, but still small enough to
neglect radial variations in 8. Thus separating variables as in §4, we have

D2W — Po2(DO* + 080z) W — a8 W = 0, (5.3a)
W=0, 2=0,1. (5.3b)
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For conducting walls we have

ar* o0 _

~1, 7= 5.4
dz+az > 1=0 (5.4)

and thus the fluid immediately adjacent to the wall experiences a conductive
gradient with the result that the local Rayleigh number takes its conductive
value. We have not carried out any calculations for conducting walls.

We now turn to a discussion of insulated side walls, which is of more interest
in a possible comparison to experiments. In this case, analytical expressions for
8 are available only through O(A2); since A is small for most cases of interest, see
§6, we limit ourselves here to a perturbation analysis. We expand the local
gradient, as before,

%
g—f = % +%Z= —1-28A(22—1)— 2A2(3(2z — 1)2—})

20, 200, ., 90, avs
+(/\'y)a+(/\y) —a~z+/\ Y 5 +O0(y3A3%).  (5.5)
Here 80/z is the gradient of the correction fields of §2, suitably modified for

unstable stratification. It then follows that P has the expansion
P(n) = Py+ 22AP, + 22°F, + (Ay) Py(n) + (Ay)*By(n) + By B(n) + O(y°A%).  (5.6)

Note the local nature of P in this case. The analysis is straightforward but
lengthy. The results are as follows; Py, P,, P, are given by (4.5a, b, ¢) respectively.
For the local contributions,

Py =0, (5.7)
PJP, = a(y) = 2 [2e—mr+ 3y o-k] , (5.84)
k=1
2k — 1) ekt — (2 + 1) e~ok-11]2

O == i e ((Zk)z(_ 1—): Jeretor] ’ (5.8b)

e~ 92 ©
BIPy=b0) =~ |G 4 E @t Byt men]. (5.90)

_ (2k+8)2+(2k— 1)
% = 3k 1) (2k + 32 (Zh— 1)’ (5.90)
2

Br = Ch+ 1) (5.9¢)

4
Ve = @k D) (21 3) 2k =1)’ (5.94)

Thus we may write

P[P, =1+ A%a(n)y®+b(n)y +0-12954). (5.10)

The functions a(7), b(y) are shown in figure 2. Note that b(y) < 0, |b(n)| > a(7).
Therefore instabilities in regions near the wall will occur at Rayleigh numbers
below those which are obtained using a conductive profile. We refer to such
instabilities as ‘subconductive’.
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Ficure 2. The functions a(7), b(7).
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Fiaure 3. The local O(A)? contribution to P.

In figure 3, values of the local O(A2%) contribution to P are shown as a function
of radial distance for various aspect ratios. The envelope of these curves was also
computed and is designated by the dotted curve. The results show two important
trends. First, we note that for any aspect ratio, local subconductive instabilities
are possible within the side layer near the wall. This behaviour can be explained
from a consideration of the isotherms of the basic state. (The basic state for stable
stratification is shown in figure 3 of 1.) In the case of insulated walls, convection
of heat in the side viscous layers is strongly felt as we have shown in I, with the
result that the isotherms are swept downwards near the sides. This reflects the
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strong effect of the rechannelling of fluid along these walls to and from Ekman
layers. The net effect is again to lessen the effective depth of stratified fluid, thus
stabilizing the fluid adjacent to the wall. Since the isotherms are similarily swept
upwards in the interior, there must be a region removed from the wall where the
isotherms are approximately conductive. It is here that the curvature of the
vertical temperature gradient leads to subconductive instabilities. Obviously
this effect must occur for any aspect ratio, since the basic upsweep/downsweep of
isotherms occurs for any cylinder if the sides are insulated.

It is also seen from figure 3 that increasing the aspect ratio slightly decreases
the magnitude of the negative correction to the Rayleigh number. This implies a
less pronounced subconductive behaviour as v increases. The approximate
nature of these results is to be emphasized.

The theory is an asymptotic one, the first correction to these results being
O(E?). Including the terms of O(E?) would entail the consideration of two effects.
The first is dissipation in the Ekman layers, as discussed in II. The second is the
O(E?) correction to the basic state, which is itself an asymptotic representation.

The second major approximation was to exclude the centrifugal effects in the
linear stability equations. For the axisymmetric disturbance treated here, we

must have Bt <A < (),

which is satisfied if the Ekman number is sufficiently small and o = O(1). How-
ever, treating non-axisymmetric disturbances including centrifugal effects is
clearly the next step to be taken in obtaining qualitatively useful results.

6. Discussion

Our analysis is valid for a limited range of parameter space and is not directly
comparable to any published experimental results. There are, however, two
studies which should be discussed. Since the theory is an asymptotic one,
comparisons with experiments are qualitative.

In a study by Koschmieder (1967), a cylinder uniformly heated from below
was rotated at Taylor numbers (7 = £~2) between zero and 108. Excellent photo-
graphs serve to show conclusively that axisymmetric cellular motion begins near
the outer rim of the cylinder, and that adjacent cells have circulations in the
same sense, with ‘shear layers’ between. These cell patterns are remarkably
similar to those occurring in a non-rotating fluid layer with a weak radial
temperature gradient, Koschmieder (1966), Miiller (1966). A similar radial
gradient, driven by centrifugal effects, is present near the side walls for the cases
treated in §5. It is remarkable that even at very low rotational frequencies,
centrifugal effects determine the sense of the circulation in the first rim roll.

The second recent study (Rossby 1969) covered a wider range of Taylor
numbers, 7 < 108. Extensive measurements were made for both critical and
supercritical conditions for water and mercury, and some visual observations
were made with a silicone oil. Only the results for water are relevant to our
analysis. Subconductive instabilities were found for all Taylor numbers greater
than 5 x 104, i.e. the Rayleigh number at which measurable convection occurred
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was less than that predicted by the classical linear analysis for a conductive basic
state (solid body rotation). Forlarge 7 the difference between the critical Rayleigh
number and that predicted by Chandrasekhar’s linear theory is as much as 30 %,
Also, the dependence of the Nusselt number on the Rayleigh number under
supercritical conditions is different depending on whether subconductive in-
stabilities do or do not occur. At a given Taylor number 7 < 5 x 10* (no sub-
conductive instabilities) the Nusselt number increases smoothly with increasing
supercritical Rayleigh number. The behaviour for subconductive onset is shown
in figure 4 where we have sketched Nusselt number versus Rayleigh number
curves for both types of onset; this is taken from Rossby (1969, figure 12). As the
Rayleigh number is raised above the critical, there is a small increase in Nusselt
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Fiaure 4. Qualitative experimental behaviour, from Rossby ; —, Taylor numbers for which
onset is given by conductive theory; ———, Taylor numbers for which subconductive onset
oceurs.

number followed by a second break and a steeper increase thereafter. We have
replotted Rossby’s original data in figure 5. B, and R, are shown as functions of the
Taylor number where R, and B, are respectively the critical Rayleigh number and
the Rayleigh number at which the second break occurs. The £,, of course, repro-
duce Rossby’s marginal stability curve (Rossby 1969, figure 11) and the R, fall
approximately on the linear stability curve of Chandrasekhar.

There are several possible explanations for this type of dependence of the
Nusselt number on the Rayleigh number. This behaviour is characteristic of
systems which first become unstable to oscillatory modes (Chandrasekhar 1961,
p. 142), although this is an unlikely explanation in this case since all available
theoretical evidence indicates that for sufficiently high Prandtl number fluids
onset is stationary and given by linear theory (cf. Chandrasekhar 1961, Veronis
1968, Kiippers & Lortz 1969). It is also possible that the behaviour is caused by a
finite-amplitude disturbance as pointed out by Rossby. Another explanation of
the data is that the initial increase in the Nusselt number was caused by centri-
fugal circulations alone, a possibility which was suggested by Koschmieder
(1967, p. 224). Finally, the subconductive behaviour found by Rossby may have
been caused by the lowering of the critical Rayleigh number by centrifugal
circulations as discussed in the present paper. We show below that the behaviour
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indicated in figures 4 and 5 is generally in qualitative agreement with the predic-
tions of this paper. Limitations on the region of parameter space over which our
analysisis valid preclude a quantitative comparison with Rossby’s data. We have
tabulated experimental Taylor numbers, critical Rayleigh numbers, and the
dimensionless parameters 4, A, ¥ in table 2; these were calculated from Rossby’s
raw numerical data. The parameter A, which is the ratio of convective to conduc-
tive heat transfer in the inviscid core of the basic state, is reasonably constant and
extremely small, viz. O(10~3) for most cases. According to our analysis, at any

10°

10°

104

I 1 1 ]
10 10* 10% 108 107 108

10°

T

Ficure 5. The Rayleigh numbers R,, Ry, recalculated from Rossby’s data, as a function of
the Taylor number 7; O, R,; I, R;, —, Chandrasekhar’s marginal stability curve.

7x 10~ R, x 1032 Y A Ax 108
0-11 2-3 40 244 0-85
0-32 31 40 98 1-4
11 5:0 40 24 36
3-5 9-4 28 32 2-8
75 14 20 62 1-6

11 16 20 43 2.2
14 18 20 43 2-2
21 22 20 22 37
34 28 20 13 50
60 36 10 120 1-0
95 48 10 71 1-4
150 50 10 45 1-8
286 80 10 25 4-6
900 150 10 7-3 8-3

1000 135 57 63 1-5

2400 225 57 24 2-9

9690 500 57 65 13-2

TaBLE 2. Stability parameters calculated from Rossby’s data
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fixed Taylor number the region near the side wall would first become unstable at a
subconductive value of the Rayleigh number. This Rayleigh number should
depend on A, and therefore, the fluid depth. However, Rossby finds that the
critical Rayleigh number is approximately independent of height. If convective
effects are to explain the data, the dependence on A would have to be small in the
region of parameter space under consideration. As the side regions convected
heat, the Nusselt number would rise slightly with increasing imposed temperature
difference. This rise would be limited due to the small horizontal area of the
convection region. At some larger value of the Rayleigh number, the entire
interior region, over which the similarity solution holds, would become unstable;
there would be a corresponding increase both in the Nusselt number and. the slope
of the Nu—R curve, since larger regions would be convecting heat. Until the
interior region becomes unstable, the Nusselt number based on total horizontal
area would be a function of fluid depth as well as Rayleigh number, since the
horizontal area available to convective heat transfer varies linearly with depth.
Five aspect ratios were studied by Rossby and these are indicated in figure 5.
At a given aspect ratio, centrifugal effects should become more important with
increasing Taylor number since A increases with 7. Considering all the data, the
aspect ratio decreases as the Taylor number increases, and according to figure 3
this should cause a slight increase in the effect of the centrifugal circulation on the
critical Rayleigh number. Our analysis is in qualitative agreement with Rossby’s
data on these points. However, the analysis predicts that the critical Rayleigh
number for the convective basic state is O(A%) below that for the conductive basic
state, and this difference is much smaller than the 30 %, observed by Rossby. It
would be of interest to extend the analysis to the region of parameter space
investigated by Rossby, as well as to investigate baroclinic type instabilities and
finite-amplitude instabilities of the centrifugally driven basic state.
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